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Abstract
In this letter we propose a new ansatz for the thermal string in the TFD for-
mulation. From it, we derive the thermal vacuum for the closed bosonic string and
calculate the thermal partition function in the blackhole AdS background in the first
order of the perturbative quantization.
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1 Introduction
In previous papers, we started to formulate the microscopic properties of bosonic strings
and D-branes in the perturbative limit of string theory in the Thermo Field Dynamics
(TFD) formalism [1, 2, 3, 4, 5, 6, 7]. The main advantage of employing TFD is the possibility
of explicitely constructing string and boundary states at finite temperature. In particular,
one can obtain a description of thermal D-branes as states in the Hilbert space of closed
thermal strings similar to the D-branes at zero temperature. However, most of the results
obtained in these works only apply to bosonic strings in flat space-time and in the presence
of the constant Kalb-Ramond field. The first extention of the formalism to GS superstrings
and a different (pp-wave) background was done in [8](see also [9, 10, 11, 12, 13] for general
SU(1, 1) formulation of TFD applied to string theory). In [10] the bridge between the
TFD and the Imaginary Time Formalism for the case of closed bosonic string was made.
However, the study of string physics in more general backgrounds represents an imporatant
task for phenomenological applications as well as for the development of string theory.
String theory in the balck-hole AdS background [14] was perturbatively quantized
for the first time in [15] and various properties of this system were analyzed in
[16, 17, 18, 19, 20]. The perturbative method employed in the study of the string dy-
namics in general curved spacetime was developed in [21, 22]. This method is particularly
suitable to the construction of the thermal string in the TFD approach since in the first
order approximation it provides the required canonical structure. The aim of this paper is
to construct the perturbative string thermal vacuum in the presence of a black-hole AdS
spacetime. Also, we are going to clarify some aspects of the thermal string vacuum in TFD
left open by the previous investigations. The thermal vacuum is crucial for the implemen-
tation of TFD and the construction of thermal states, since it contains the information
about the Bogoliubov operators that map the theory to finite temperature and determi-
nation of the entropy operator. Therefore, our results are important for the development
of a systematic study of the microscopic properties of the boundary states of string theory
in the blackhole AdS background.
The paper is organized as follows. In the following section we briefly review the per-
turbative canonical quantization of string theory in the blackhole AdS background. In
section 3 we construct the thermal vacuum and compute the partition function at finite
temperature. The last section is devoted to discussions.
2 Zero Temperature Model
The bosonic string in the blackhole AdS background was quantized for the first time in
[15]. The canonical quantization was performed perturbatively with respect the natural
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dimensionless expansion parameter ǫ which is related to the string tension and the inverse
of the Hubble constant ǫ = α′H2. The dynamics of the bosonic string in curved background
is described by the following equations of motion [21, 22]
x¨a − x
′′a + Γabc
(
x˙bx˙c − x
′bx
′c
)
= 0, (1)
where Γµρσ are the Christofell symbols and a, b, c, . . . = 1, 2, . . . , D + 1. The conformal
symmetry of the worldsheet theory leads to the following set of constraints
gabx˙
ax
′b = gab
(
x˙ax˙b + x
′ax
′b
)
= 0. (2)
In [15, 16] has been shown that the bosonic string in an arbitrary curved spacetime can
be quantized perturbatively by expanding arround the exact solution of the equation of
motion of its center of mass (the geodesic)
xa(τ, σ) =
∞∑
n=0
ǫnηan(τ, σ), (3)
where ηa0(τ) is a solution of geodezic equations and of the constraints
η¨a0 + Γ
a
bc(η0)η˙
b
0η˙
c
0 = 0, (4)
gab(η0)η˙
a
0 η˙
b
0 = −m
2α
′2. (5)
In order to quantize the string, one has to decompose the string coordinates in terms of
transverse oscillations to the geodesics characterized by the following normal vectors naµ
gab(η0)n
a
µn˙
b
0 = 0, (6)
gab(η0)n
a
µn
b
0 = δab. (7)
In first order, the co-moving perturbations are given by the following relation
ηa1 = δx
µnaµ, (8)
where µ = 1, 2, . . . , D − 1. The equations of motion and the constraints can be easily
solved for δxµ in the blackhole AdS background and the solution has the following Fourier
expansion
δxµ(τ, σ) =
∑
n 6=0
√
2nΩn
α′
[
αµne
−in(Ωnτ−σ) + βµne
−in(Ωnτ+σ)
]
+
√
l
2m
[
αµ0e
−imα
′
l
τ + βµ0 e
imα
′
l
τ
]
.
(9)
Upon quantization, the Fourier coefficients become operators on the Hilbert space that
satisfy the oscillator canonical commutation relations. The oscillator frequencies are ωn =
nΩn, n = 1, 2, . . ., where we have used the following notation
Ωn =
√
1 +
m2α′2
n2l2
, (10)
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where l = 1/H . The constraints in the blackhole AdS spacetime take the form
(Lα0 − 2πα
′) |Ψphys〉 = 0, (11)
(Lα0 − 2πα
′) |Ψphys〉 = 0, (12)
where zero mode generators of the Virasoro algebra are given by the following relations
Lα0 = πα
′
∑
n>0
ω2n + n
2
2ωn
D−1∑
µ=1
(
αµ†n α
µ
n + β
µ†
n β
µ
n − 2
)
+ πα′
∑
n>0
(
βµ†n β
µ
n − α
µ†
n α
µ
n
)
−
π
2
m2α′
2
,
Lβ0 = πα
′
∑
n>0
ω2n + n
2
2ωn
D−1∑
µ=1
(
αµ†n α
µ
n + β
µ†
n β
µ
n − 2
)
+ πα′
∑
n>0
(
αµ†n α
µ
n − β
µ†
n β
µ
n
)
−
π
2
m2α′
2
.
Here, the superscript indices α and β indicate the left- and right-moving quantities, respec-
tively. As in the flat spacetime, one can construct the Hamiltonian of string oscillations
Hˆosc = L
α
0 + L
β
0 and the momentum Pˆ = L
α
0 − L
β
0 . To obtain the full string Hamiltonian,
one has to add the Hamiltonian of center of mass in the presence of the gravitational field
Hcm to Hosc. The level matching condition should be imposed on the Hilbert space of the
closed string in order to project the dynamics in the physical subspace
πα′
∑
n>0
n
D−1∑
µ=1
(
βµ†n β
µ
n − α
µ†
n α
µ
n
)
|Ψphys〉 = 0. (13)
As in the flat spacetime, the physical states can be organized as eigenstates of the mass
operator which is obtained from the constraints (11) and (12). For more details on this
construction we refer the reader to [15].
3 Thermal String Vacuum
Let us construct the thermal vacuum of the bosonic closed string. According to the previous
section, the total Hilbert space Htot in the first order perturbative quantization is the
tensor product of the Hilbert spaces of transverse string oscillators. However, the physical
Hilbert space Hphys is the subspace of Htot defined by the constraints (11), (12) and (13).
In particular, this suggests that the trace in the TFD ansatz be modified in order to
incorporate the level matching condition. The simplest way to implement the constraint
(13) in to the ansatz that defines the thermal vacuum is to introduce it through a delta
function. Therefore, we modify the TFD ansatz [24, 25] to the following one
〈Oˆ〉 = Z−1(βT )Tr
[
δ(Pˆ = 0)e−βT HˆOˆ
]
≡ 〈〈0(βT )|Oˆ|0(βT )〉〉, (14)
where βT = (kBT )
−1, kB is the Boltzmann’s constant and T is the temperature. The last
equality in (14) defines the thermal vacuum by an expectation value relation. Note that
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the trace from (14) is taken over the full Hilbert space Htot but due to the constraint, the
calculated value take into account only the contribution of the physical states. Following
[24] one can expand the thermal vacuum in the basis of the Hilbert space of closed string
|0(βT )〉〉osc =
∑
w
∑
z
fw,z(βT ) |w〉 |z〉 , (15)
where w and z are multi-indices that stand for all left- and right-moving oscillator indices,
respectively. The explicit form of the undetermined coefficients fw,z(βT ) is obtained by
computing explicitely the trace and the vacuum expectation value from equation (14). Let
us introduce the following notations for the left- and right-moving number operators of the
nth oscillator
Nαn = n
D−1∑
µ=1
kµn and N
β
n = n
D−1∑
µ=1
sµn, (16)
where kµn and σ
µ
n are natural number that denote the number of string excitations of the
nth oscillator in the µth spacetime direction in the corresponding string sector. By using
the following analytic formula for the delta function
δ(Pˆ = 0) ≡ δ(Nˆα − Nˆβ) =
∫ +1/2
−1/2
dse2piis(Nˆ
α−Nˆβ), (17)
one can prove that the coefficients fw,z(βT ) must satisfy the following consistency relation
f ∗w′,z′(βT )fw,z(βT ) =
Z−1(βT )δ¯(w
′, w)δ¯(z′, z)eβT [2(D−1)−pim
2α′2]
∫ +1/2
−1/2
dsepiα
′
∑
n>0(λ
β
nN
β
n−λ
α
nN
α
n ), (18)
where δ¯ is a short hand notation for the product of delta functions for each pair of indices
in the multi-indez and λαn and λ
β
n are functions of s and βT given by the following relations
λαn = 2πis+ βT
ω2 + n2
ωn
, λβn = 2πis− βT
ω2 + n2
ωn
. (19)
In computing the r. h. s. of (18) we have used a ket thermal vacuum which is just the
hermitian conjugate of the bra vector (15). With this choice, the coefficients fw,z(βT ) should
be identified with vectors from a copy of the Hilbert space [24]. However, the presence of
the constraint implies that these vectors be tensored with Columbeau functionals [26].
Had the thermal vacuum been expanded in the basis of Hphys instead of Htot, this problem
would have been avoided. Indeed, in this case the constraint did not appear in the trace
explicitely. This suggest that in order to avoid complications that arise from the presence
of the delta function such as delta function square root, one should balance it and compute
the vacuum expectation value on Hphys instead of Htot. However, identifying the physical
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subspace without a delta function for constraints can be a nasty task. To circumvent
arround this problem one can try to introduce the constraint in all vacuum expectation
value computations. One way to do that is to redefine the ket thermal vacuum such that
the delta function be included. Thus, we are lead to the following proposal for the ket
thermal vacuum vector
|0(βT )〉〉 = Z
−1/2(βT )e
βT [piα
′(D−1)−piα
′2m2
2
] ×
∞∑
k1
1
=1
· · ·
∞∑
sD−1∞ =1
e−
βT piα
′
2
∑
∞
n=1
∑D−1
µ=1 γnn(k
µ
n+s
µ
n)
∣∣k11 · · · sD−1∞ 〉 ˜|k11 · · · sD−1∞ 〉, (20)
and for the bra thermal vacumm
〈〈0(βT )| = Z
−1/2(βT )e
βT [piα
′(D−1)−piα
′2m2
2
] ×∫ +1/2
−1/2
ds
∞∑
k1
1
=1
· · ·
∞∑
sD−1∞ =1
e
∑
∞
n=1
∑D−1
µ=1 ω
βT
n k
µ
ne−
∑
∞
n=1
∑D−1
µ=1 ω
βT
n s
µ
n
〈
k11 · · · s
D−1
∞
∣∣ ˜〈k11 · · · sD−1∞ |. (21)
Here, we have introduced the following short hand notations
γn =
ω2n + n
2
ωn
(22)
ωαn(s; βT ) = (2πis+
βTπα
′
2
γn)n , ω
β
n(s; βT ) = (2πis−
βTπα
′
2
γn)n (23)
In (21) and (20) we have explicitely written the multi-indices and the multi-indices sums.
The tilde denotes the vectors from the identical copy of Hphys. By computing the vacuum
expectation value of any observable of string in the thermal vacuum given by (21) and
(20) we automatically do the calculation on the physical subspace only, which is the tensor
product
H(βT ) = Hphys ⊗ H˜phys. (24)
The partition function can be calculated by imposing the normalization condition on the
thermal vacuum. By using (20) and (21) one obtains the following result
Z(βT ) =
∫ 1
2
− 1
2
ds
∞∏
n=1

 e
2βT piα
′[(D−1)−α
′m2
2
−
(
ω2n+n
2
ωn
)
]
2 + 2e
−2βTpiα′
(
ω2n+n
2
ωn
)
− e
−2βTpiα′
(
ω2n+n
2
ωn
)
sinh(2πisn)


D−1
. (25)
The exact form of the integral in s can be calculated but the result is not illuminating.
The relations (20), (21) and (25) determine completely the thermal vacuum state as a state
from the tensor product of the physical Hilbert space its (identical) tilde copy. Note that if
the computation is performed in the physical subspace the formula (25) must be replaced
by one which does not depend on the integration. Nevertheless, the partition function as
a function of temperature is the same.
6
4 Discussion
The relations (20) and (21) show that the effective frequencies of the string oscillation
modes are given by the following relation
σn = πα
′
(
ω2n + n
2
ωn
)
. (26)
Thus, in the physical subspace, the partition function is given by the product of an infi-
nite number of left- and right-moving oscillators which obey the Einstein-Bose statistics.
This shows that one can construct the Bogoliubov operators for strings in blackhole AdS
background in the same way as in the flat spacetime in the first order in perturbation quan-
tization. With the help of Bogoliubov operators we can investigate the algebraic structure
of the theory at finite temperature, in particular the constructruction of the thermal string
states, the boundary states and the calculation of their entropy [27].
To conclude, in this paper we have proposed a modification of the ansatz for the cal-
culation of the trace in TFD formulation of string theory which takes into account the
constraints explicitely. A similar proposal was made in [10] for the calculation of the one
loop partition function. By using this new ansatz, we have constructed the thermal vacuum
which has a delta function in the bra vector. This allows to compute the vacum expecta-
tion value from contributions of the vectors from the same physical subspace of the Hilbert
space as the vectors that enter into the calculation of the trace. In particular, we have
calculated the thermal partition function. The next step is to construct the thermal string
states and boundary states and to derive their microscopic properties. We hope to report
on this subject elsewhere [27]
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